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1 Introduction

Feedback with carry shift registers (FCSRs) have been discussed for over ten years in the context
of efficient pseudorandom number generation, particularly as an alternative to linear feedback
shift registers (LFSRs) [6, 10, 11]. Similarly to LFSRs, FCSRs have an underlying algebraic struc-
ture that facilitates their analysis, and their output sequences have many desirable statistical
properties [7, 9, 12–14]. Besides their direct applications as pseudorandom number generators,
they have proven useful as building blocks for hardware-oriented stream ciphers [10].

A common stream cipher design principle is to use a keystream generator to produce a
pseudorandom stream of running key bits z = (zt)t≥0, which is added bitwise to the plaintext
stream (pt)t≥0 in order to obtain the ciphertext (ct)t≥0 with ct = pt ⊕ zt. The receiver computes
the same keystream z and recovers the plaintext via pt = ct ⊕ zt. Many keystream generators
operate as finite state machines (FSMs). Their initial state is derived from a secret key K and a
public initialization vector IV by a procedure named key/IV setup, and in each clock t the FSM
outputs a piece of keystream and changes its state according to the state transition function.
Particularly, the FSM of the F-FCSR stream cipher family [1, 2] computes the keystream bits by
applying a Boolean filter function g to the current content of various register cells of an FCSR.

In this paper, we observe various structural properties of FCSRs and their output sequences
and indicate implications for FCSR-based stream ciphers. All our results have been experimen-
tally confirmed with the computer algebra system Magma [5]. Due to space restrictions, we omit
the proofs in this extended abstract.

2 Feedback With Carry Shift Registers (FCSRs)

Throughout this abstract, we will denote by wt(d) the Hamming weight of a binary vector d,
and we will tacitly identify a vector (u0, . . . , uk−1) ∈ {0, 1}k with the integer u =

∑k−1

i=0
ui2

i.
An FCSR of length n in Fibonacci architecture contains a main register with n binary cells

(y0, . . . , yn−1) and fixed binary feedback taps (d0, . . . , dn−1) as well as an additional l-bit memory
b. From an initial state (y, b), the FCSR outputs in each clock t the value y0, computes the sum
σ = b +

∑n−1

i=0
yidn−i−1 over the integers and updates the register and memory according to

b = σ div 2 and y = (σ mod 2, yn−1, . . . , y1).
An FCSR of length n in Galois architecture contains n binary main register cells xi with

fixed binary feedback taps (d0, . . . , dn−1) and n − 1 memory cells a0, . . . , an−2. Starting from
an initial state (x, a), the Galois FCSR outputs in each clock the value x0, computes the sums
σi = xi+1 + aidi + x0di for 0 ≤ i < n (with xn = 0 and an−1 = 0) and updates xi to σi mod 2
and ai to σi div 2 for all 0 ≤ i < n − 1. We will assume that memory cells are only present at
those positions with feedback taps, i.e., ai = 0 if di = 0 for all 0 ≤ i < n − 1.

We call an FCSR-state (and a state of a finite state machine in gerneral) periodic if, left to
run, the FCSR will return to that same state after a finite number of steps. We call a sequence
u = (ui)i≥0 strictly periodic (or simply periodic) with period T if ui+T = ui for all i ≥ 0. We
call a sequence u eventually periodic if there exists a t ≥ 0 such that u′ = (ui)i≥t is periodic.



A 2-adic integer is a formal power series α =
∑∞

i=0 ui2
i with ui ∈ {0, 1}. The collection of all

such formal power series forms the ring of 2-adic numbers. This ring especially contains rational
numbers p/q, where p and q are integers and q is odd. There is a one-to-one correspondence
between rational numbers α = p/q (with odd q) and eventually periodic binary sequences u

which associates to each such rational number α the bit sequence u = (u0, u1, . . .) of its 2-adic
expansion. The sequence u is strictly periodic if and only if α ≤ 0 and |α| ≤ 1 [1].

We identify a Galois state (x, a) with the integer p = x+2a, a Fibonacci state (y, b) with the
integer p = b2n−

∑n−1

k=0

∑k
i=0 qiyk−i2

k, and define for both architectures the connection integer q
as q = 1−2d. Then the output of the FCSR is the 2-adic expansion of α = p

q
. Moreover, the output

will be strictly periodic if and only if 0 ≤ p ≤ |q| [1, 8]. For an initial state corresponding to
p ∈ ZZ |q|, the sequence of integer representations of the states (pt)t≥0 is given by pt = 2−tp mod q
and the t-th output bit can be computed as zt = pt mod 2 = (2−tp mod q) mod 2.

If 0 < p < |q|, q odd, and p and q are coprime, the period of the sequence (pt)t≥0 is the order
of 2 modulo q [1]. The period reaches its maximum |q| − 1 if q is a (negative) prime for which 2
is a primitive root. We call such FCSRs maximum-length FCSRs and the sequences they produce
l-sequences.

3 Properties of FCSRs and l-sequences

3.1 Sequences produced by the Galois Register Cells

The sequence (xi,t)t≥0 of values taken by the main register cell i of a Galois FCSR is again
an FCSR-sequence, more precisely the 2-adic expansion of pi/q with pi = Fi(x, a) · q + Mi · p,
Fi(x, a) =

∑n−1

j=i (xj + 2aj)2
j−i, and with constants Mi = 2

∑n−1

j=i dj2
j−i [3]. This expression can

be further simplified for periodic initial states as follows.

Proposition 1. For a maximum-length Galois FCSR with connection integer q, a periodic initial

state (x(0), a(0)), and p0 = x(0)+2a(0), the sequence (xi,t)t≥0 of values taken by a fixed main reg-

ister cell i corresponds to (pt+si
mod 2)t≥0 with si = − log2(Mi) mod q and Mi = 2

∑n−1

j=i dj2
j−i.

Proposition 1 implies that the sequence (xi,t)t≥0 corresponds to the sequence produced by
the whole FCSR (which is in turn equal to the sequence (x0,t)t≥0) shifted by si positions. Note
that the phase shifts si are independent of the initial state p and depend on i (and q) only.

3.2 Mappings between periodic Galois and Fibonacci States

There is an onto function E : {(x, a)}−{(1, . . . , 1; a0, . . . , an−2)} → ZZ |q| that assigns to a Galois
state (x, a) the number E(x, a) = x+2a mod q [8]. Moreover, there exists a one to one mapping
S from ZZ |q| onto the set L of strictly periodic states of the Fibonacci FCSR with connection
integer q except for the state (1, . . . , 1;wt(q + 1) − 1). For an initial state of a Galois FCSR

with connection integer q, we can compute a periodic initial state of a Fibonacci FCSR with
connection integer q and vice versa such that the two registers will produce the same output [8].

Obviously, the mapping E from the Galois states to ZZ |q| is not one to one, i.e., generally more
than one state is mapped to the same p ∈ ZZ |q|. However, we can compute for a given p ∈ ZZ |q| the
uniquely determined corresponding periodic state (x, a), thereby providing a possible answer to
the open question raised in [8] how to intrinsically characterize the periodic states corresponding
to a particular p ∈ ZZ |q|.

Proposition 2. For all p ∈ ZZ |q|, the only strictly periodic state (x, a) with x + 2a = p of a

maximum-length Galois FCSR with connection integer q is given by xi = Mi · p mod q mod 2
and a = (p − x)/2 with Mi defined as in Prop. 1.

Remark 1. With Prop. 2, we can define a one to one function Ẽ mapping periodic Galois states
onto ZZ|q|. With Ẽ and S, we obtain a bijective mapping between periodic Fibonacci states and
periodic Galois states.



3.3 Autocorrelations of l-sequences

In order to be suitable for stream cipher applications, FCSR-sequences and in particular l-
sequences should have reasonable pseudorandomness properties. One important property is the
autocorrelation of the sequence. In general, we define the autocorrelation θτ (u) of a binary
sequence u = (ui)i≥0 with shift τ as the correlation of the sequences (ui)i≥0 and (ui+τ )i≥0, i.e.,

θτ (u) =
∑

i≥0

(−1)ui⊕ui+τ = |{i : ui ⊕ ui+τ = 0}| − |{i : ui ⊕ ui+τ = 1}| .

The expected autocorrelation of l-sequences can be shown to be zero [14]. However, how to
compute the exact autocorrelation for a given shift τ is believed to be difficult [7] and is only
known for q = pe, where p is prime and e ≥ 2, and τ of a special form [14].

Our contribution is a method for computing the autocorrelations based on counting the
number of occurrences of particular (τ + 1)-bit blocks in the sequence [4, 9].

Proposition 3. Let u denote an l-sequence produced by a maximum-length FCSR with prime

connection integer q. Then, for a given shift τ > 0 the autocorrelation θτ (u) is equal to 4B(τ, q)−
(q − 1 mod 2τ+1), where B(τ, q) denotes the number of β ∈ ZZ2τ−1 such that 2βq mod 2τ+1 >
−q mod 2τ+1.

Remark 2. The effort required for computing θτ (u) is dominated by the computation of B(τ, q).
Currently, we do not know how to compute this value more efficiently than testing all values of
β, which requires little memory, but O(τ · 2τ ) computations. Hence, our method is at present
only efficiently applicable to small shifts τ .

4 Implications for FCSR-based Stream Ciphers

The filter function of the F-FCSR stream cipher family [1, 2] computes the binary XOR of its
inputs, and its initialization procedure ensures that the initial state of the generator is periodic.
Hence, by Prop. 1, the keystream generation procedure is equivalent to taking the bitwise XOR-
sum of different parts of the same l-sequence, while the starting position is given by the initial
state. This design is motivated by the conjecture that linear and 2-adic operations are unrelated
and that the correlation between two distant parts of the same l-sequence is low [1]. Based on
Prop. 1, we can explicitly compute these distances for the family member F-FCSR-H and show
that they are almost evenly distributed over the period of the sequence.

An alternative construction for stream cipher FSMs are combination generators which consist
of a small number of feedback shift registers and a Boolean function f that combines the output
sequences of the internal registers in order to produce the output keystream. Propositions 1 and
2 imply that a Galois-based filter generator like F-FCSR can be equivalently represented as a
combination generator that contains as many Galois FCSRs as the filter function g has inputs,
where the FCSR producing the sequence (xi,t)t≥0 is initialized with psi

. Furthermore, one or more
Galois registers in the combination generator may be replaced by Fibonacci registers producing
the same output according to Remark 1. We can also build an equivalent filter generator based
on a Fibonacci FCSR with the following result, which is an immediate consequence of Props. 1
and 2.

Corollary 1. The value xi of the i-th cell in the main register of the Galois FCSR can be

computed from the strictly periodic state (y, b) of the corresponding Fibonacci FCSR by xi =

Mi

(

b2n −
∑n−1

k=0

∑k
j=0 dj−1yk−j2

k
)

mod q mod 2 .
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